Abstract Generating a natural foot trajectory is an important objective in robotic systems for rehabilitation of walking. Human walking has pendular properties, so the pendulum model of walking has been used in bipedal robots which produce rhythmic gait patterns. Whether natural foot trajectories can be produced by the pendulum model needs to be addressed as a first step towards applying the pendulum concept in gait orthosis design. This study investigated circle approximation of the foot trajectories, with focus on the geometry of the pendulum model of walking. Three able-bodied subjects walked overground at various speeds, and foot trajectories relative to the hip were analysed. Four circle approximation approaches were developed, and best-fit circle algorithms were derived to fit the trajectories of the ankle, heel and toe. The study confirmed that the ankle and heel trajectories during stance and the toe trajectory in both the stance and the swing phases during walking at various speeds could be well modelled by a rigid pendulum. All the pendulum models were centred around the hip with pendular lengths approximately equal to the segment distances from the hip. This observation provides a new approach for using the pendulum model of walking in gait orthosis design.
Introduction
Generating a natural foot trajectory is a primary focus for design of gait orthoses. Task-specific training paradigms suggest methods for practical implementation of walking-like exercise for gait restoration [13] . Rehabilitation robots for walking aim to move the thigh, shank and foot in a walking-like manner. Some gait robots adopt end-effector control which moves the foot along the target trajectory so as to achieve a synchronized walking pattern in the lower limbs during locomotion training [4, 6, 7, 10, 14] .
Human locomotion in the stance phase is often described by an inverted pendulum, but the application of the pendulum model in bipedal walkers adopts an inconsistent pendular length. The human body's centre of mass rises and falls in an arc shape during each stride, which leads to a pendulum description of the stance phase [1, 2] . The leg stands straight on the ground and progresses like a rigid bar pivoting on the foot. This resembles the movement of an inverted pendulum, which has a pendular length equal to the leg length [18] . Based on the rocker function of the heel, ankle and forefoot [22] , a roll-over-shaped foot is often used to assist smooth progression in the application of the pendulum model in the design of bipedal walkers [19] . However, in order to obtain a reasonably anthropometric foot shape, most semicircular feet have radii shorter than the shank length [12, 19] . In this application, the pendulum model has a different length from the initial observation of the inverted pendulum length equal to that of the leg. To apply the inverted pendulum model to the design of a gait orthosis focusing on leg kinematics, it is necessary to determine an optimal pendular length to generate the stance foot trajectory occurring during normal gait.
Similar to the stance leg, the swing leg also has a pendulum-like property [18] , which has been exemplified in passive walkers [20] . Provided with an appropriate initial speed and position, the leg, without much internal muscle work, achieves the swing phase by passive interaction with gravity [21] . The pendulum characteristics of ballistic walking inspired the development of bipedal passive walkers [20] . The walker has two rigid legs linked together by a frictionless pin joint at the hip. One leg rides on the semicircular foot, and simultaneously, the other leg swings forwards in a pendular arc, resulting in rhythmical gait patterns [17, 20] . The bipedal walker has been modified for potential application in rehabilitation technology. It generally includes an actuated knee joint for toe clearance and additional control mechanisms for stability [3, 17, 25] , which results in a complicated robotic system. It is of interest to investigate whether the simple rigid pendulum model can be applied in the design of robotic gait orthoses. As gait orthoses are generally intended to duplicate the leg kinematics of normal gait, it is worthwhile investigating whether the pendulum model of walking simulates well the trajectory of a swinging foot.
The aim of this feasibility study was to investigate whether foot trajectories can be generated by a pendulum model. Approximation algorithms were developed to find the best-fit circles of foot trajectories relative to the hip, with focus on the ankle, heel and toe. Fang et al. [9] investigated circle approximation of the toe trajectory. The present work expands the approximation algorithms and finds the best-fit circles for the ankle, heel and toe trajectories at various walking speeds.
Methods

Gait analysis experiment
A gait experiment was performed using a Vicon motion analysis system (Oxford Metrics Ltd., Oxford, UK). Ethical approval was obtained from the Departmental Ethics Committee at the University of Strathclyde, Glasgow, UK. Consistent with the feasibility study design, three representative able-bodied subjects were recruited (Table 1) and they provided written informed consent prior to participation. The Vicon Clinical Manager marker set was used to record the lower limb trajectories with a sampling frequency of 120 Hz [15] . The gait experiment started with a static trial for estimation of the joint centres and axes. The subjects were then asked to walk barefoot along a 10-m walkway at 100, 75 and 50 % of their normal cadence. Tests at each speed were repeated three times.
The analysis software BodyBuilder (Oxford Metrics Ltd., Oxford, UK) was used to reconstruct the foot segments and to estimate the trajectories. A reference system was defined with centre (0, 0) at the hip joint (Fig. 1) . Trajectories of the ankle, heel and toe in this reference system were analysed.
Circle approximation algorithms
The pendulum setup was determined by finding the approximated circles for the ankle, heel and toe trajectories. It was assumed that each foot segment analysed had Q data points (x i , y i ) (i = 1, 2, 3… Q). The best-fit circle can be determined by solving the total least squares problem [5] : where (x c , y c ) is the fit circle centre and r is the circle radius. However, this is a nonlinear problem, so a modified least squares criterion F(x i , y i ) was used here [16] :
The values of x c , y c and r which satisfy min x c ;y c ;r Fðx i ; y i Þ apply to min x c ;y c ;r f ðx i ; y i Þ, if the analysed data exactly match a circle. However, Eq. (2) was proven to be preferable to Eq. (1) in terms of robustness in the presence of outliers [5] . Therefore, this study searched for the values of x c , y c and r satisfying min x c ;y c ;r Fðx i ; y i Þ.
The first derivative of Eq. (2) over r, x c and y c yields:
It was hypothesized that the centre of the fit circle (x c , y c ) was near to the hip joint (0, 0) and that its radius r was approximately equal to the segment distance l measured from the hip joint [l refers, respectively, to l A , l H and l T for the ankle, heel and toe ( Fig. 1) ]. Four methods were developed to search for the fit circles:
1. For the y coordinate of the circle at the hip (y c = 0), search for the optimal x c and r. Equations (3)- (4) yield:
2. For the x coordinate of the circle at the hip (x c = 0), search for the optimal y c and r. Equations (3) and (5) yield:
3. For both the x and y coordinates of the circle at the hip (x c = 0, y c = 0), search for the optimal radius r:
4. For the radius r equal to the segment distance, search for the optimal x c and y c :
These four methods were applied to the trajectories of the ankle, heel and toe separately. Solutions of Eqs. (6)- (12) gave four fit circles for each segment trajectory.
Comparison of methods
The four methods were compared using the mean approximation error
The best-fit circle algorithm was the method with the smallest mean error [Eq. (13)]. The errors and other results related to length are presented as normalized values (% of leg length).
Results
The three walking cadences resulted in a speed range of 0.43-1.44 m/s ( Table 2 ). The ankle and heel had a curved trajectory during the stance phase, while the toe trajectory had similarly-curved stance and swing phases (Fig. 2) . Therefore, the ankle and heel trajectories in the stance phase and the toe trajectory over the whole gait cycle were considered for circle approximation.
The four approximation methods yielded four fit circles for each of the three foot segments (Fig. 2-S1 : the other two subjects gave qualitatively similar results). All of the methods approximated the foot trajectories of the three subjects fairly well, with errors less than 3 % (Table 3) . Method 1, which fixed y c at the hip and allowed x c and r to vary, had the smallest error and was determined as the bestfit circle algorithm forthwith.
The foot trajectories were fit closely by the circles obtained from the best-fit algorithms, with centres close to the hip and radii almost equal to the segment distances from the hip (Figs. 3, 4) . The errors between the best-fit circles and their respective ankle and heel trajectories during the stance phase (60 % of gait cycle) were less than 1.5 % (Fig. 5) . The toe trajectory during both the stance and swing phases is quite well approximated by its best-fit circle (Fig. 4) , with a maximal error of about 4 % (Fig. 5) . (a) Ankle Fig. 2 Circle approximation of the foot trajectories of S1 walking at normal cadence. The foot trajectories during slower walking were also curved. The ankle trajectories in the stance phase (Fig. 6 ) at different speeds were best fitted by circles of similar radii. This also applies to the toe trajectories over the whole gait cycle at different speeds (Fig. 7) . When the speed decreases, the foot trajectories are shortened, with the trajectory behind the hip joint (the negative part) reduced faster than that before the hip joint (the positive part). Therefore, the best-fit circle centre moves further from the hip joint centre at slower speeds. Applying Method 1 to the ankle, heel and toe trajectories at three different speeds for all subjects yielded the geometries of their respective best-fit circles ( Table 4 ). The foot trajectories at 100 % of normal cadence had best-fit circles centred nearest to the hip, while those at 50 % of normal cadence had radii closest to the segment distances ( Table 4 ). The best-fit circle approximation for all the foot trajectories had a mean error less than 2 %, with the smallest error in the ankle trajectory during stance (Fig. 8) . When the speed decreased, the error reduced. Fig. 5 The distances between the best-fit circle and the foot segments over the whole gait cycle of S1 walking at normal cadence (the vertical dash-dot line divides the whole cycle into stance and swing phases) Fig. 7 The best-fit circles (dash-dot curve) of the toe trajectories (solid lines) over the whole gait cycle in S1 walking at 100 % (top), 75 % (middle) and 50 % (bottom) of normal cadence
Discussion
The aim of this feasibility study was to investigate whether foot trajectories can be generated by a pendulum model. Using adapted best-fit circle approximation algorithms, this study derived the pendulum model with optimal geometry to describe the foot trajectories. The ankle and heel moved along a circular path relative to the hip joint during the stance phase, while the toe trajectory over the whole gait cycle was described by a pendulum. All the pendulum models were based around the hip with pendular lengths approximately equal to the segment distances from the hip. The foot trajectories during stance were well approximated by circles, which supports the concept of a roll-overshaped foot described previously [12, 19] . Hansen et al. [12] observed an arc shape of the trajectory of the centre of pressure in stance and investigated the arc radius using a circle-fit approach, while the present work analysed the foot trajectories over the whole gait cycle with generalized best-fit circle algorithms. Furthermore, this study provided detailed information on the pendulum geometries for the ankle, heel and toe trajectories at various speeds, with a new contribution in fitting the toe trajectory over the whole gait cycle.
This study employed four circle approximation approaches, which found well-fit circles for the foot trajectories. This validates the hypothesis that the foot segment trajectories can be fit by circles centred near to the hip with radii approximately equal to the segment distances. Method 3 obtained a circle fitting the trajectory fairly well, which provided the basis for adopting the pendulum model of walking with its centre at the hip and radius equal to the leg length, as employed previously [2, 21] . Introducing the hip as the base of the pendulum was an intuitive choice, but neither the ankle, heel nor toe trajectories were equally divided by the vertical line from the hip joint (Fig. 2) . Therefore, Methods 1, 2 and 4 which allowed variation of the pendulum base around the hip outperformed Method 3 which assumed a fixed circle centre at the hip. Method 2 yielded fit circles with radii much larger or much smaller than the segment distances (Fig. 2) . Therefore, it is feasible to set up a pendulum model of walking with a length longer than the leg [11] or a much shorter length [12, 19] .
The foot segment trajectories were fit best with Method 1, which allowed horizontal adjustment of the pendulum base. The ankle trajectory had a smaller error from its bestfit circle than the heel or toe. This is probably because the only joint (the knee) between the ankle and the hip is almost in constant extension, making the thigh and shank behave as a rigid pendulum, while the heel and toe have slightly rotating joints, such as the ankle and subtalar joints [24] . During the swing phase, the knee is flexed, which shortens the distance from the hip to the ankle joint and the heel (Fig. 5) . However, foot rotation lowers the toe, which results in a negligible change in the total distance between the hip and the toe. Therefore, the toe trajectory over the whole gait cycle was approximated by a circle. This observation does not mean that the foot will scuff the floor. It is reported that during the swing phase, the trunk rises about 4-5 cm [11] , therefore, the whole swing leg is lifted off the ground. It is also reported that a swing leg during normal gait produces a minimal toe clearance of 5 cm [23] . This confirmed that there is a limited change in the distance between the toe and the hip during locomotion, which justifies the approach in this study to approximate the toe trajectory over the whole gait cycle with a circle. The pendulum successfully models the foot trajectories during locomotion at variable speeds, with negligible variations in the pendulum setup. Determination of the pendulum geometry provides a new design approach for walking robots and lower limb orthoses. The general application of the pendulum structures in rehabilitation is seen in bipedal walkers with an actuated knee joint, which exploits gravity to achieve rhythmic gait patterns [3] . Much attention has been paid to the stability of the system, while the foot trajectories have not been specifically investigated. The pendulum model in this study lends itself to straightforward implementation using a rigid driven bar for accurate toe movement. Based on this, a gait orthosis can be developed, which includes a swaying rigid bar to guide the toe movement and a lengthadjustable bar (length change profile as in the solid line in Fig. 5 ) to achieve ankle rotation. As the best-fit circles of the toe trajectories at different speeds have a negligible variability in the circle radius (Table 4) , the rigid bar for the toe trajectories can have a fixed length, i.e. approximately equal to the user's leg length. Since the best-fit circle centre (x c in Table 4 ) moves further from the hip when the speed reduces, the pivot of the rigid bar can be adjusted to be further from the hip joint to produce the toe trajectories at slower speeds. Based on the end-effector principle [14] , a synchronized walking pattern in the lower limbs can be achieved when the foot (the ankle and toe) moves along the target trajectories of normal gait. In contrast to actuated bipedal passive walkers, gait orthoses based on the rigid pendulum model can produce accurate foot movement, as long as the distance between the ankle and the hip is actuated as according to the solid line in Fig. 5 . Compared to a general gait orthosis which controls the leg through direct actuation of the hip, knee and ankle joints, the proposed gait orthosis can achieve the target motion of each leg using only two actuators: one for toe movement and the other for ankle rotation. As the gait orthosis based on this approach might have a risk of foot scuffing during overground walking, for example, if there is an obstruction of 5 cm in height on the ground, we successfully implemented this new approach in a rehabilitation gait orthoses for supine stepping, where there is no floor to interrupt the foot movement [8, 9] .
A limitation of this study was that only three points on the foot (the ankle, heel and toe) were investigated as the potential tips of the pendulum. There might be other points on the foot moving in circular paths.
The number of subjects recruited, three, is consistent with the feasibility design of the study but further research using data from more subjects is required to generalize the results. The three subjects recruited in the gait analysis experiment were quite broadly representative of the ablebodied population: they had a wide range of body mass (68-95 kg) and leg length (0.88-1.00 m), and they repeated their walking three times at a wide range of speeds (0.43-1.44 m/s). After comparing the gait patterns with the literature on normal gait [24] , we believe the recruited subjects provided unequivocal and consistent data representing the general gait pattern for healthy people. Therefore, the major observations, including (a) the circular trajectories of the ankle and heel during the stance phase and (b) the circular trajectory of the toe during the whole gait cycle, are consequences of the inherent kinematics of human walking and should be broadly applicable.
In conclusion, this study confirmed the feasibility of generating accurate foot trajectories using the pendulum model of walking: foot trajectories at various speeds were accurately described by pendulum models. With the best-fit circle approximation algorithms, the ankle and heel trajectories at stance were well approximated by a single rigid pendulum. Furthermore, the toe trajectory over the whole gait cycle was well approximated by a pendulum. Investigation of the pendulum model in approximation of foot trajectories is a first step to employing the pendulum concept in the design of walking robots and lower limb orthoses.
